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Due to the coupling between the rotational angular momentum and the electronic spin, the de-
polarized Rayleigh light scattered from gaseous oxygen shows Stokes and anti-Stokes satellites
shifted by about 60 GHz. The broadening of these fine-structure Raman lines is investigated theo-
retically for high and medium pressures where the linewidth is determined by two contributions,
one proportional and the other inversely proportional to the pressure, p. The linewidth in the pres-
sure broadening region is given by a relaxation frequency which is obtained from the Waldmann-
Snider collision term. The p~contribution to the linewidth is determined by the ratio of the second
moment of the fine-structure freqencies (with respect to the center of the shifted line) and another
relaxation frequency. Both relaxation frequencies are sensitive to the nonspherical part of the inter-

molecular potential.

§ 1. Introduction

The “fine-structure” splitting of the rotational
energy levels of the 32 molecule O, is well-known
from microwave absorption experiments!. Due to
the interaction between the electronic spin S (mag-
nitude S=1) and the rotational angular momentum
N the rotational levels are split into 3 sublevels
corresponding to the three magnitudes (N -1, N,
N +1) of the internal angular momentum J =N + 8.
For a given N > 1 the energy levels characterized by
J=N+1 and /=N —1 lie relatively close together
compared with their roughly 60 GHz (2 cm™1) se-
paration from the other level. In light scattering ex-
periments the +60 GHz fine-structure transitions
were first seen as satellites of the rotational Raman
lines 2 (AN = % 2). The pure “fine-structure Raman
lines” associated with the 60 GHz transitions be-
tween the rotational sublevels (J=N*+1ZJ=N
with AN=0 for N>1 and /=2Z/=1 and
J=2Z]=0 for N=1) have recently been observ-
ed as satellites — in addition to the usual unshifted
peak — in the depolarized Rayleigh spectrum of
the light scattered from gaseous oxygen. The width
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of the fine-structure Raman lines has been investi-
gated as a function of the pressure and these results
are described in a future paper3. It is the purpose
of this paper to present a theoretical study of the
broadening of the fine-structure Raman lines for
“intermediate and high” pressures where there are
two contributions to the width, viz., the pressure
broadening which dominates at “high” pressures
and a contribution inversely proportional to the
pressure p which shows up at intermediate pres-
sures. For the central depolarized Rayleigh line*
the “p™! contribution” to the linewidth is caused
by “diffusional broadening”5~7. For the “spin-
peaks”, however, the “p~!-contribution” to the line-
width is much larger. In this case it is caused by
the spread of the energy levels, first because the fre-
quencies v, (N) and »_(N) for the J=N+1ZJ=N
and J=N—-1Z]=N transitions are different and
moreover because these frequecies depend on N.
The “spin-peaks” of the depolarized Rayleigh
line of gaseous oxygen are also interesting from a
different point of view. The spectrum of the de-
polarized Rayleigh light scattered from gases of
linear molecules is determined by the spectral func-

3 R. A. J. Ke1jseR, F. Baas, R. M. JoNkMAN, V. G. COOPER,
and H. F. P. KNaAP, to be published.

4 V.G.CooPER, A.D.MAY, E.H.HARA, and H.F.P.KnaAAP,
Phys. Letters 27 A, 52 [1958].

5 R. H. DickEg, Phys. Rev. 89, 47 [1953].

6 V.G.CoorEr, A.D.May, E.H.HArA, and H.F.P.KNaApP,
Can. J. Phys. 46, 2019 [1968].

7 S. Hess, Z. Naturforsch. 24 a, 1852 [1969].

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fur Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

@O0

BY ND

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung“) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.



1640

tion of the tensor polarization of the molecular ro-
tational angular momenta 8710, Recently, it has been
pointed out that for gases of molecules with a (ro-
tational) magnetic moment the depolarized Rayleigh
line should split into 5 lines (at most) upon appli-
cation of a magnetic field 12, The reason for this
splitting is the precessional motion of the tensor
polarization due to the precession of the rotational
angular momentum of a molecule about the mag-
netic field. Such a splitting can be caused not only
by externally applied fields but also by the “inter-
nal” molecular fields that are present in paramag-
netic molecules due to the coupling between the ro-
tational angular momentum and the electronic spin.
Hence the fine-structure Raman lines of O, are as-
sociated with the internal motion of the rotational
angular momentum.

This paper proceeds as follows. First, the con-
nection between the spectrum of the depolarized
Rayleigh line and the spectral function for the ten-
sor-polarization of the rotational angular momenta
is stated, and some of the pecularities of gaseous
oxygen associated with the coupling between the
rotational angular momentum and the electronic
spin are discussed. By application of the moment
method two relaxation equations, governing the be-
havior of the tensor polarization, are derived from
the Waldmann-Snider equation. The spectrum is
then calculated from these relaxation equations. The
resulting linewidths are expressed in terms of re-
laxation frequencies which are determined by col-
lision integrals obtained from the linearized colli-
sion term.

§ 2. Spectral Functions of the Depolarized
Rayleigh and the Fine-structure Raman Lines

The depolarized component of the scattered light
is associated with orientational fluctuations. For
gases of linear molecules the spectrum of the de-
polarized line centered at the frequency of the in-
cident (monochromatic) light — commonly referred
to as the “depolarized Rayleigh line” — is deter-
mined by the time-dependence of the fluctuations
of the “tensor polarization” of the rotational angular
momenta. The (2nd rank) tensor polarization is de-

8 S. HEss, Z. Naturforsch. 24 a, 1675 [1969].
9 R. G. GOrRDON, J. Chem. Phys. 44, 3083 [1966].
10 S, Hess, Z. Naturforsch. 25 a, 350 [1970].
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8, 10, 12
fiousd Ly ~(®) (1)

where in Cartesian component notation ® is given
by

(NN
2= Y5 (Fon)d 2
. (N".’_%)—l [-‘% (Nva+NvNu) _%N26uv]'
The bracket (... ) refers to an average over a non-
equilibrium distribution, and (... ), indicates an
equilibrium average. The angular momentum is
treated as a quantum mechanical operator both with
respect to magnetic and rotational quantum num-
bers. In Eq. (2), for convenience, the normaliza-
tion of @ has been chosen such that

(Pus Putv'Yo=Disn, v’ 5 (3)

where the isotropic 4-th rank tensor 4 is given by
Auv, uy = }5 (6;414' 671:' + ayv' 6»;4')_ T‘li (suv au'v' . (4‘)
The calculation of the spectrum of the scattered
light can be reduced to the solution of an initial-
value problem. In particular, for the depolarized
Rayleigh line, one has to consider the correlation

function A4 (¢) for the tensor polarization, which is
defined by & 12

a(t) =A(t) a(0),:>0. (5)
The corresponding spectral function S(w) is given
by o
S(w) = —Re [ et A(1) dr. (6)
: 0

The spectral intensity at frequency w; of the de-
polarized Rayleigh light is given by (6) if w is put
equal to w; —®,, where w, is the frequency of the
incident light. In (5) and (6) the spatial depen-
dence of a(t) and the dependence of S(®) on the
wave vector have been disregarded for simplicity.
This simplification is allowed as long as the pres-
sure of the gas is high enough so that the diffusio-
nal broadening and the Doppler broadening can be
neglected.

The considerations presented so far apply to lin-
ear molecules in general. The particularities of O,
are associated with the existence of an unpaired
electronic spin S and the internal coupling between
the rotational angular momentum N and S. If pro-
jection operators P (N) with the properties

Pu(N) 2= P Py(N) = (N + YN + k+ 1) Py(N),  (7)

11 S, HEss, Phys. Letters 29 A, 108 [1969].
12 S, Hess, Springer Tracts Mod. Phys. 54, 136 [1970].
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are introduced for k=0, =1 and
P(N) Py (N') =0yy S Pr(N), (8)

the internal coupling Hamiltonian, as given by
TINKHAM and STRANDBERG !, can be written as
H—2akS (v, (N) P, (N) +v_(N) P_(N)).
N
(9)
The frequencies » . (N) can be obtained from micro-

wave data 1. It is convenient to define another set of
projection operators Py

Pi= 2 Px(N), (10)
which have the property
2 Pp=1. (10 a)
P

The operator ® defined by (2) can now be split
into a part which commutes with H'"* and a non-
commuting part according to

Q=3P PP+ P PPy.
% K+ w

Since (for N>1) »_(N)=v,(N) (=60 GHz) it

proves convenient to rewrite (11) as

D = Peent L W Pt

(11)

(12)

where
@eni_ S p,®P,+P,®P_+P. ®P, (13)
k

anil ¥_ (P, +P.)®P,. (14)
Notice that ®°¢2t and ¥ are orthogonal in the sense
that (WTdeent) —0. As a consequence of (12),
the tensor polarization & defined by (1) now be-

comes a—a*tbi+b*, (15)
with acent— (Peent) (16)
il b=(¥), b*=¥). 17)

The separation of terms in (15) is such that the
time-dependence of a°®"* determines the spectrum
of the unshifted depolarized Rayleigh line and the
time-dependence of b and b* determines the spec-
trum of the “spin-peaks” or fine-structure Raman
lines (provided that these lines do not overlap with
the unshifted line). The spectrum of a fine-structure
Raman line is given by the spectral function S(w)
pertaining to the correlation function B(t) defined

iy b (1) =B(1) b(0), >0 (18)
[cf. Egs. (5) and (6)]. Thus the spectrum of the

fine-structure Raman lines can be calculated if re-
lation (18) is known. The usual assumption is made
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that the decay of the fluctuations responsible for
the light scattering is the same as that of the cor-
responding macroscopic deviations from the equi-
librium state of the gas (Onsager). Relation (18)
can then be obtained from relaxation equations
which can be derived from the appropriate kinetic
equation for the one-particle distribution, viz., the
Waldmann-Snider equation 3.

§ 3. Relaxation Equations

The non-equilibrium state of a gas can be character-
ized by the distribution operator f=f(¢,x,p,N,S).
The position X and the linear momentum P of a
molecule can be treated as classical variables, the
internal angular momenta N and S, however, are
treated as quantum-mechanical observables. This
point is of particular importance for a theoretical
investigation of the broadening of the fine-structure
Raman lines since their intensities stem mainly from
molecules in the lowest rotational states (i.e. N =1,
3, 5). The local instantaneous average (®) of an
operator @ = D (p, N, S) is given by

(P)y=n"1Tr [Bp D], (19)
where “Tr” denotes the trace over the magnetic
quantum numbers associated with N and S and a

summation over the magnitude of the rotational
angular momentum. In (19),

n=Tr [d% f

is the number density of the gas.

(20)

The time-dependence of mean values such as b
can be determined from the time-dependence of the
distribution operator f which obeys a kinetic equa-
tion of the type 13

Yoo B gomn- (-0 @
The 2-nd, 3-rd and 4-th terms in Eq. (21) describe
the change of the distribution f caused by the free
flow of molecules (v is the particle velocity), by the
internal motion characterized by the Hamiltonian
Hi»t| and by the (binary) collisions between mole-
cules. For polyatomic gases, the collisional change
of the distribution operator is given by the (linear-

ized) Waldmann-Snider collision term containing

coll -

13 L. WALDMANN, Z. Naturforsch. 12a, 660 [1957] ; 13 a, 606
[1958]; R. F. SNIDER, J. Chem. Phys. 32, 1051 [1960];
see also S. HEss, Z. Naturforsch. 22a, 1871 [1967].
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the binary scattering amplitude and its adjoint 4.
The detailed structure of this collision term, how-
ever, is not required here.

Differential equations governing the time-depen-
dence of mean values can be derived from the kine-
tic Eq. (21) by application of the moment method 5.
The moment equation for b= (¥) is obtained by
multiplication of Eq. (21) with ¥ and application
of the operations “Tr [ d3p”. Neglecting the spatial
dependence of f and using (8), one obtains

%—inb—iQIC—(?:)w“:O, (22)
where the 2-nd rank tensor € is defined by
c=(Y) (23)
with
Y=, 3 (2, (N) P, (W) ® Po(N)
+Q_(N)P_(N)®Py(N)), (24)
Q.(N)=2znv.(N)-9,. (25)

Notice that Y is orthogonal to ¥ in the sense that
(¥Ty)y=0. In Eq. (25) £, is chosen as the center
of one of the fine structure spectra and is given by

0Q,-2x <% (. (N)P,(N)® :Py(N) ® (26

+¥_(N) P_(N)®: Py(N)®) )o- (¥ : ¥))) L.

Although the fine-structure splitting for molecules
is different in different rotational states it can be
characterized by the single frequency £, because of
the rapid collision-induced transitions between the
rotational states at high pressures. Typically,
|Q2.(N)|/2n is approximately 2 GHz whereas
9,/2 a~60 GHz.

Obviously, Eq. (22) is not a closed equation for
b since the time dependence of € is not known and
the collisional change of b has not been specified.
Multiplying Eq. (21) by Y, integrating over d3p
and taking the trace “Tr” leads to

Se . . o-1/ 2
B iR S @I P P o

+ @ P @Py))— (5] 0.

14 S, Hess and W. E. KOHLER, Z. Naturforsch. 23 a, 1903
[1968]; W. E. KOHLER, S. HEss, and L. WALDMANN, Z.
Naturforsch. 25 a, 336 [1970].

15 S, Hess and L. WALDMANN, Z. Naturforsch. 21a, 1529
[1966]. — H. RauM and W. E. KOHLER, Z. Naturforsch.
25a,1178 [1970].
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The set of Eqs. (22) and (27) is again not
closed. A closed set of “relaxation equations”,

%—inb—inc-(-wbb:O, (28)
3 —i21€-iQ? 0 'brw.e=0, (29)

is obtatined upon approximating the third term in
Eq. (27) by —i(£2,%/2,) b with the frequency £,
defined through 16

22=(3 (2L M) P.(N)® : Py(N)® (30)

+QL (V) P_(N)®: Po(N)®))o- ((F1: F)g) 2.

This means that higher moments of the fine-struc-
ture spectrum of a free molecule are disregarded.

In Egs. (28), (29) the “relaxation coefficients”
wp , 0, have been introduced. Ignoring the (small)
collisional frequency shift (i. e., the imaginary parts
of w, and w,), these relaxation coefficients are re-
lated to the linearized positive definite Waldmann-
Snider collision operator w by 12 14;

wp =3 ((¥: 0 (F))o+ (FT: 0 (F))o) ((F1:¥))™
we=3 ((Y: 0 (¥))o+ (Y : 0(¥))o) (Y"1 ¥)0)!

(31)

Effective cross-sections 05 and o, pertaining to

the collisional change of b and € can be defined by

(32)

(33)

is a thermal velocity and n is the number density.
Thus, for constant temperatures, w;, and w, are pro-
portional to the pressure p=nk7T. Both w;, and w,
are sensitive to the nonspherical part of the inter-
action potential.

Wp =N Vtherm Op »

Vherm= (8 k T/7Z mred)%

W¢ =1 Vtherm Oc

where

§ 4. Broadening of the Fine-structure
Raman Lines

From Egs. (28), (29) the function B(t) defined
by (18) can be calculated and then the spectrum
can be obtained according to (6) with A(z) re-
placed by B(¢). The full Eqs. (28), (29) lead to a

16 Since (P4 (N) ® : Py(N)® -), is proportional to the rela-
tive intensity of he fine-strucure line which stems from the
molecules in the N-th rotational state, {2, determines the
“center of gravity” of the line and £,? is he 2nd moment
with respect to Q.
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non-Lorentzian line shape. A “Lorentzian approxi-
mation” to the spectral function is obtained if it is
assumed that

(3¢/3t) —i R, e=0,

so that Eq. (29) has a solution
c(t) ~i(Q22[w, 2,) b(?).

(34)

(35)

Approximation (34) is physically analogous to the
assumption of stationarity in the rotating frame
which is commonly employed in the theory of mag-
netic relaxation!’. Eq. (34) and consequently Eq.
(35) are valid only, when the condition

'Ql > Wy (36)

is satisfied. Furthermore, the coupling between b
and € which is caused by the frequency spread
should not be too strong, i. e.,

2,5 Vo, 0,. (37)

For gaseous oxygen, both conditions (36) and (37)
confine the applicability of the spectral function to
be calculated to the pressure range of roughly 2.5
to 20 atm.

If approximation (35) for €(¢) is inserted into
(29) the following first order differential equation
is obtained for b (2) :

9b/3t—i 2, b + (wp + 2,%/w;) b=0. (38)
Eq. (38) immediately yields the correlation func-
tion 0,2

B(2) =exp{(i91—a)b— w—)t}.

(

(39)

Hence the relevant spectral function of the fine-
structure Raman line is
*1 (Aw) 12

S(®) = & wr2)t+ oy,

(40)

where the Lorentzian half-width is given by
(4) 1y = w3+ 220, (41)

17 A. ABRAGAM, The Principles of Nuclear Magnetism, Ox-
ford University Press, London 1961.
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Eq. (40) is the spectrum for the Stokes-line. The
spectrum for the anti-Stokes line, associated with
the time-dependence of b*, is given by Eq. (40)
with @, replaced by —Q, .

Finally, a few remarks on the pressure-depen-
dence of the line width (41) are in order. For this
purpose it is recalled that both relaxation coeffi-
cients w, and w, are proportional to the number
density n [cf. Eq. (32)] and hence proportional to
the pressure for constant temperature. Thus for
high pressures the 2-nd term in (41) can be dis-
regarded and the width of the fine-structure Raman-
lines is caused by “collisional broadening” (pres-
sure broadening) which is characterized by ws « n.
At intermediate pressures the second term in (41)
which is proportional to n™! shows up in the line-
width. This second contribution determined by the
ratio of the 2-nd moment of the frequency spread
[cf. Egs. (26), (30)] divided by a relaxation fre-
quency is very similar in nature to the diffusional
broadening =7 where the frequency spread is caus-
ed by the Doppler shift. Of course, the relaxation
frequencies involved are different for both cases. As
a broadening influence the Doppler width has been
disregarded here, since its contribution to the line-
width is much smaller than that of the second term
in Eq. (41). The fine-structure Raman lines have
been observed as satellites of the depolarized Ray-
leigh line. As will be shown in a future paper? the
linewidth can be described by Eq. (41) over a con-
siderable pressure range.
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